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Phase diagrams calculated for Fe-rich 
and Fe-Si-AI ordering alloy systems 
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Theoretical analysis based on the calculation of phase diagrams was employed for Fe-Si-Co and 
Fe-Si-AI ordering systems to clarify the necessity for the occurrence of phase separation in 
Fe-base ternary ordering systems. The free energy of Fe-base ternary ordering alloys where B2 
and D03 ordered structures are formed is evaluated statistically using a pairwise interaction 
approximation up to second nearest neighbours, taking into account not only the atomic 
interaction but also the magnetic interaction; based on the Bragg-Williams-Gorsky model. The 
calculated phase diagrams are consistent with the experimentally obtained ones. The phase 
diagram calculation in this work is useful to predict the equilibrium states of the ternary ordering 
systems. The phase separation in ordering alloys is caused by the contribution of excess free 
energies due to ordering. The influences of ferromagnetism on the two-phase regions are also 
demonstrated. 

1. I n t r o d u c t i o n  
It has long been recognized that the phase separation 
of the supersaturated solid solution occurs only in 
alloy systems with positive interaction parameters be- 
tween the nearest neighbour atoms. Recently, how- 
ever, several experimental studies have revealed that 
the phase separation actually occurs in the ordering 
solid solutions such as Fe-A1 [-1-6], Fe-Si [7-10], 
Cu-Zn [11, 12], Cu-Mn-A1 [13], and several Fe-base 
ternary ordering alloys [14-18], which have negative 
interaction parameters. The experimental evidence de- 
scribed above has urged us to change the conventional 
concept that phase separation-type and ordering-type 
alloys have opposite characteristics for each other. 

In order to understand solute atom clustering in 
ordering alloys, it is important precisely to evaluate 
the free energies of ordered and disordered solid solu- 
tions. For the binary ordering alloys, theoretical ap- 
proaches [19-38] have been proposed taking into 
account the interatomic interactions between not only 
the nearest neighbours but also the second and higher 
order neighbours. In theoretical treatments of this 
sort, even if the first-order interaction parameter is 
negative, phase separations are expected to occur 
when the second and higher-order interaction para- 
meters are positive. 

As regards ternary ordering Fe alloys, we have 
already found that the two-phase regions exist in the 
several Fe-rich ternary ordering alloys, and proposed 
experimental phase diagrams. In the Fe-Si-Co system 
[-16], in addition to A2, B2 and D03 single-phase 
regions, the B2 + D03 two-phase region is found in 
the two separate composition regions: one is the re- 
gion connected to the B2 + D03 region of the Fe Si 
binary system; and the other exists in the isolate corn- 
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position near Fe-15at%Si 30at%Co. However, 
theoretical investigations for the ternary ordering 
systems are scarce, possibly because of the laborious 
descriptions of B2 and D03 ordered structures in the 
ternary alloys systems. 

Recently we proposed the statistical evaluation 
method of the free energy of Fe-base ternary ordering 
alloys, where B2 and D03 ordered structures are for- 
med, and showed the propriety of the evaluation of the 
free energy [40]. However, for the theoretical justifica- 
tion of experimental results, the calculation of phase 
diagrams is important. 

In the present paper, we firstly show our basic idea 
for the evaluation of the free energy of Fe-base ternary 
B2 and D03 ordered structures [40]. Secondly ap- 
plying the proposed free energy model on both 
Fe-Si-Co and Fe-Si-A1 ordering systems, we calcu- 
late these phase diagrams. Lastly, we account for the 
occurrence of the phase separation in Fe-base ternary 
B2 and D03 ordering solid solutions. 

2. Theoretical  basis 
In order to describe the atomic configurations of B2 
and D03 ordered structures in b c c ternary alloy, the 
unit cell of the D03 superlattice is divided into four fc c 
sublattices I, II, III and IV, as illustrated in Fig. 1. The 
atoms in sublattices I and I1 are the nearest neigh- 
bours (nn) to the atoms in sublattices III and IV. The 
atoms in the I or III sublattices are the second nearest 
neighbours (nnn) to the atoms in II or IV, respectively. 
To describe the various atomic configurations in the 
first and second coordination spheres of the b c c ter- 
nary alloys, we use six independent parameters de- 
fined by occupation probabilities P~ of i atom 

0022-2461/91 $03.00 + .12 �9 1991 Chapman & Hall 



I 

O I | �9 "X" i v  

Znn Znn 
qk ,s u 

1 nn 

Figure I Unit cell of D03 structure and four f cc  sublattices, indicat- 
ing the nearest (nn) and second nearest (nnn) neighbourhood be- 
tween atom sites of the sublattices I, II, III, IV. 

(i = A, B) in the sublattice L( = I, II, III, IV) as in the 
case of binary alloys [22, 27]. 

X A  = (Pk 4- P~ - p~l _ p I A v ) /  

(Pk + e~ + P~' + PIA v) 
y ,  = (p~, _ p~V)/(p~, + p~V) 

ZA = (Pk -- P~ ) / (Pk  + P~) 

XB = ( P ~  4- P~  - e~ '  - p~V) /  

(pi  + p~ + p~, + p~V) 

YB = (P~' - p~V)/(p~, + phV) 

ZB = (p i  _ p ~ ) / ( n i  + p~) (1) 

The parameters XA and XB indicate the atomic config- 
urations of A and B atoms between the nearest neigh- 
bour sites, i.e. between the sublattices (I + II) and 
( I I I +  IV). Similarly, other order parameters YA, YB, 
ZA and ZB show the atomic configurations of A and 
B atoms between the second nearest neighbour sites, 
i.e. between the sublattices I and III and also between 
the sublattices II and IV. All parameters vary in 
a range of - l < Xi, Yi, Z~ =< 1 (i = A, B). The config- 
urations of C atoms would be inevitably determined 
by the parameters X~, Yi and Z~ (i = A, B). The A2, B2, 
D03 and B32 structures of the A-B-C ternary system 
can generally be expressed by using the six ordering 
parameters as follows 

A2: random distribution atoms in the nn and nnn 
sites 

+ = 0, 

y2 + y~ + Z 2 + Z~ = 0 (2) 

B2: ordering in the nn and random distribution in the 
nnn 

+ # o, 

D03: ordering in the nn and the nnn 

+ # o, 

YZa + Yg + Z~ + Z~ r 0 (4) 

B32: random distribution in the nn and ordering in 
the nnn 

+ = 0, 

rg+z ,+z  # o (5) 

The atomic configurations of the ternary ordering 
structures, defined by Equations 2-5 are related to the 
electron diffraction patterns experimentally observed 
[14-18]. 

The magnetic interactions are derived by consider- 
ing the pairwise interactions. The magnetic spin is 
assumed to have just the up or down state, regardless 
of various values of the actual magnetic moment. 
Therefore, there are only two separate bond energy 
states Vl~]~and VIii+ of i~ atom pairs with parallel 
and antiparallel spins, respectively. The following rela- 
tions hold: 

and 
vl l+ = viSIT /7) 

The higher order of the magnetic interactions such as 
the second nearest neighbour is neglected. The occu- 
pation probabilities of the i atom (i = A, B, C) with up 
spin or down spin onto the sublattice L( = I, II, III, 
IV) are given by 

P~T = P~(1 + qi)/ZorP~s = piE( 1 -- q~)/2 (8) 

respectively, where ql represents the distribution of 
magnetic spins, varying in a range of 0 < qi < 1. 
P~( = P~ + P~)  is the probability of existence for 
the component i in the sublattice L. In Equation 8, 
(1 + qi)/2 and (1 - qi)/2 are the probabilities of exist- 
ence for the i atom having up spin and down spin, 
respectively. The paramagnetic state could be ex- 
pressed by Equation 9: 

(1 + qO/2 = (1 - q~)/2 = 0.5 (9) 

The ferromagnetic and paramagnetic states are shown 
by qj r 0 and qi = 0, respectively. 

The atomic interchange energies of the kth neigh- 
bours w (~) ..i~ are deduced from the chemical bond 
energies 

W! k) = -  2V}~) + V!ik) + V~ k) (10) 

where v! k) is the bond energy between atoms i and j in - - I J  

the kth neighbours. The positive WI~ ) corresponds to 
a larger affinity between the unlike atom pair than the 
like pair, i.e. the ordering tendency exists. Since the 
average of the bond energy in the para magnetic i-j 
crystal is given by 

V!~) = 0.5{VISIT + rl~]+} (ll) 
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the magnetic parameter j!l)  is defined by Equations 
12 and 13: 

V(') U!1)+ J!]) (12) iTjT 

V(1) V (I) - J!]) (13) iTjJ. ~ - - i j  

In the form of Equations 12 and 13, ferromagnetism 
occurs when J!~) < 0. For  the sake of simplicity, the 
magnetic interchange energies J!~), as well as the 
atomic interchange energies w!~) --1j , are assumed to be 
independent of temperature, composition and distri- 
bution of atoms. 

Details of calculations are omitted here, as these 
have already been reported [40]. The configurational 
free energy Fk of the A-B-C ternary system containing 
ferromagnetic elements can be expressed by Equation 
14 using a pairwise interaction approximation up to 
the second nearest neighbours, based on the 
Bragg-Williams Gorsky approximation. 

_ M(1) .... (2D> Fk = U ~ N E  CiCj{4[W!#) 4- --ij ] 4- 3Wij , 
ij 

+ 4N ~, (~.l(1)a .2 
i 

M(t) _ qW(2)~ 4- N E c i c j x i x j  {4 [ W}j t) + " ' - i j  ] -- - - i j  ) 
ij 

+ 3NI2 Z CiCj [(1 - Xi)(1 - Xj) Yi Yj 
U 

4- (1 4- X i ) ( l  4- Xj)ZiZj]  W! 2) 

+ k . N T E G l n C i  + k . N T / Z Z G [ ( 1  - Xi) 
i i 

xln(1 - X~) + (1 + X01n(l + Xi)] 

+ k , N T / 4 ~ { C i ( 1  - X 0 [ ( 1  + Y01n(1 + Yi) 
i 

4- ( 1 -  YOln (1 -  Y~)] 

+ CI(1 4- Xl)[(1 4- Zi)ln(1 + Z~) 

4- (1 - Z i ) l n ( 1  - Z~)]} 

- kBNT~miCi{ln(8 - 6qi + 2,,/4 - 3qi 2) 
i 

- -  (1 + qi)ln(ql + x/4 - 3q 2) 

-- (1 - qOln[2(1 - q O ] }  

where 

U ~ = N 4~CiVI : )  + 3~i Civii j, 

_l(1)n2 . 1 ( 1 ) n 2 .  M}j 1) - 2J}~)qiqj + -ii ~i + -jj  ,~j, 

ij = AB, BC, CA; i = A , B , C  

m A  = m B  = mc = 1 if J~A ) 5/z 0,  O'BBI(1) # 0,  

ja) # 0 CC 

m A = 0 if d~A ) -- 0 

mB = 0 if J ~  = 0 

mc = 0 if J(c~ = 0 (14) 

where m~ = a parameter to qualify the ferromagnetic 
energy with the i-element, which is usually unit in the 
case where i is a ferromagnetic element; N = 
Avogadro's number (the number of all lattice sites); 
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C i - ~ -  atomic concentration of i; kB = Boltzman's con- 
stant; T -= temperature. 

3. C a l c u l a t i o n  of  phase d i a g r a m s  
3.1. Calcu lated phase diagram of the 

F e - S i - C o  system 
The numerical values [41] used for the calculations 
are listed in Table L Fig. 2 shows a calculated phase 
diagram of the Fe-Si-Co system at 923 K. The solid 
curves, fine solid straight lines and chain line show 
phase boundaries, tie-lines of phase separation and 
iso-Curie temperature curve at 923K, respectively. 
There is a B2 + D03 two-phase coexistent region, as 
well as A2, B2 and D03 single-phase regions. The 
B2 + D03 two-phase region connects to the B2 + D03 
region of the Fe-Si binary system, and exists up to the 
composition region over the high Co content alloy of 
30 at% Co. The directions of the tie-line of phase sep- 
aration are almost parallel to the Fe-Si binary system. 
The two-phase region exists on the boundary between 
the B2 and D03 single phase. 

3.2. Calculated phase diagram of the 
Fe -S i -A I  system 

The numerical values [7, 41] used for the calculations 
are listed in Table II. In these parameters the exchange 
energies of the Si-AI system WSi~l"r(l{ and lJZ(2)v, SiAl were 

TABLE I Numerical values for the Fe-Si-Co system 

Atomic interchange energy Value x ka 

W~v~)sl 2010 
W~a2co 410 
W(s])co 2600 
W(2) 1000 FeSi 
W~22co 0 
w'&'o 700 
J.)  - 196 FeFe 
jm - 261 CoCo 

(1) JFeco --  296 

at% Co / ~  ' �9 7" 

\ "  h ! ,Y 
/ )//W 

7 _ M /  
/ //-4'./" om 

Fe I0 20 50 40 

at% Si 

Figure 2 A calculated section phase diagram of the Fe-rich 
Fe-Si-Co ternary system at 923 K. 



TABLE II Numerical values for the Fe Si-Al system 

Atomic interchange energy Value x kB 

W~v~sl 2010 
(1) WFeAI 1120 

W (~) -- 1170 SiAl 
W(F2)S i 1000 
W(2)A I 560 
W(2~ 220 SiAl 
J (Fle)Fe -- 196 

evaluated in this work. We performed numerical cal- 
culations of the configurational diagrams using the 
critical temperature equations of A2/B2 and B2/D03 
so as to regain the A2/B2 and B2/D03 transition 
curves in the experimentally determined phase dia- 
gram of the Fe-Si-A1 system at 1273K [14]. The 
critical temperature equations for both A2/B2 and 
B2/D03 in the ternary system are shown. 

The condition for the A2/B2 phase transition is as 
follows. 

(~ ( ~ 2 f k ~ ,  ( ~ 2 f k  ~2  
= 0  

XA = Xs YA = 0 
YB = ZA -- ZB = 0 

(15) 

For the B2/D03 phase transition is as follows. 

= 0  

(16) 

B2 

, ~  DO3 

Fe I0 2 0  
a t %  $i 

/ 
50 

Figure 3 A calculated section phase diagram of the Fe-rich 
Fe Si-A1 ternary system at 873 K. 

Therefore the A2/B2 critical temperature Tnn is given 
in the following equation. 

kBT,. = ~ CiCf~ij + j ( C i C j ~ ' - ~ i j )  2 - -  CACBCc(4~BCff~CA -- [-~r'~AB - -  ~BC - -  ~ C A ]  2) 
ij 

where ~u = 4W}~ ) -  3W12); and ij = AB, BC, CA. 
Furthermore, the B2/D03 critical temperature Tn,, is 
given in the following equation. 

{ ~/-~2 -~- CACB(I -t- XA)(I -~- XB)(CAXA -{- CBXB - CC)} 
kBTn.n = 3 f2 Jr- (2) 2) (2) (2~ (2 2 

[ 4 W B c W ( ~ A -  ( W A B -  W B C -  W ~ ) ]  

w h e r e  ~ = "|/Iz(2lcA CA(I + X A ) (  - -  CAXB ~- XB ~- Cc) -]- 
w ( 2 ) r  (1 + X B ) ( C  A CBX B Jr- C C )  Jr- (L~/(2) - -  rv A B -  vv BC ~.~ B 
W(2)  W(C2)A)CACB(I + X A ) (  1 + X B ) .  B C - -  

Fig. 3 is a calculated phase diagram of the Fe-Si A1 
system at 873 K. In the figure the solid curve, fine solid 
lines and a chain line show the phase boundaries, 
tie-lines of phase separation and iso-Curie temper- 
ature, respectively. The D03 single phase exists in 
a widespread region of the Fe-rich ternary system. The 
B2 + D03 two-phase region exists as a band-shaped 
region on the boundary between the B2 and D03 
phases. This B2 + D03 two-phase region connects to 
the B2 + D03 region of the Fe Si binary system and 
exists up to near the composition region of Fe 2 at% 
Si 19 at% A1. The directions of the tie-line of phase 
separation are almost parallel to the Fe-Si binary 
system. 

4. Discussion 
The calculated phase diagrams are compared with the 
experimentally determined ones. The calculated phase 
diagram of the Fe-Si-Co system (Fig. 2) has not only 
A2, B2 and D03 single-phase regions but also the 
B2 + D03 coexistent region which connected the 
B2 + D03 region of the Fe-Si binary system with that 
of a high Co-content alloy. On the other hand, in the 
experimentally determined phase diagram (Fig. 4) the 
B2 + D03 coexistent region exists in the two separate 
composition regions: one is the region connected to 
the B2 + D0 3 region of the Fe Si binary system; and 
the other exists in the composition-region near the 
Fe 13 at% Si-30 at% Co alloy. Therefore there is 
a little difference between calculation and experiment. 

(17) 

(18) 

However, it can be said that the calculated phase 
diagram supports the basic features of the experi- 
mental phase diagram, i.e. the composition range of 
the B2 + D03 coexistent region as well as that of the 
A2, B2 and D03 single-phase regions. 

In the calculated phase diagram of the Fe Si-A1 
system (Fig. 3) the B2 + D03 coexistent region exists 
as a narrow band connecting to the B2 + D0 3 coexist- 
ent region of the Fe Si binary system, and continues 
up to the alloys near the Fe-A1 binary system. On the 
other hand, in the experimentally determined phase 
diagram (Fig. 5) a phase change from the B2 + D03 of 
the Fe-Si system to the A2 + D03 of the Fe A1 system 
appears, as the composition shifts from the Fe-Si 
binary side to the Fe-A1 side in the ternary system. 
This means that the calculation does not succeed the 
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Figure 4 An isothermal section-phase diagram experimentally de- 
termined for the Fe-rich Fe-Si-Co ternary system at 823 K []6], 
together with Fe-Si [10] and Fe-Co [42] binary-phase diagrams. 
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Figure 5 An isothermal section-phase diagram experimentally de- 
termined for the Fe-rich Fe-Si-A1 ternary system at 873 K [14], 
together with Fe-Si [24] and Fe-AI [4] binary phase diagrams. 

reappearance of  the A2 + D03 coexistent region near 
the composi t ion  of  the Fe-A1 binary side. However,  
the calculated phase diagram (Fig. 3) would support  
the composi t ion  range of the coexistent regions in the 

Fe-S i -Al  ternary system. Therefore an essential differ- 
ence between calculation and experiment cannot  be 
seen. 

As described above the theoretical phase diagrams 
are nearly identical with the experimental ones. There- 
fore the free energy evaluat ion of Fe-base ternary 
ordering alloys proposed  in our  previous paper [40], 
based on a statistical the rmodynamic  treatment,  is 
considered to be proper  and suitable. Fur thermore,  
the theoretical t reatment  of this work is very useful, as 
we can easily predict the equilibrium states of Fe-base 
ternary ordering alloys from just the atomic inter- 
change energies of binary systems constituting the 
ternary system. 

The appearance of the B2 + D 0  3 region in the 
F e - S i - C o  system can be unders tood by considering 
the free energies. Fig. 6 gives the free energy curves of 
the pseudo-binary  system along a tie-line (i.e. 
5 a t% Co) connect ing the two points marked by ar- 
rows in Fig. 2. The free energy ( F k -  U ~ can be 
expressed in Equat ion  19 as a sum of three terms; 
chemical free energy (Fdisord), excess free energy due to 
ordering (Fch . . . . .  a), and excess free energy due to 
magnet ism (Fmag.ord). These are also illustrated in 
Fig. 6. 

F k -  U 0 = Fdisord + Fch . . . . .  d -k fmag.ord  (19) 

The chemical free energy Faiso,a is always concave. The 
free energy of A2, FAZ, which is the sum of Faisord and 
fmag.ord , is always concave so that  the phase separ- 
ation never occurs. That  is to say, the magnetic free 

-Jo \ 

x~ ~ Fdisord 

- 2 0  - 

- 5 at O/o Co 

132 , AP_ DO~ 
I I , I i 

0 I0 2 0  3 0  
at% si 

Figure 6 Free energy (Fk -- U ~ of the most stable atomic config- 
urations of the Fe Si-Co pseudo-binary system which are indicated 
along the composition axis fixed 5 at% Co at 923 K. Fd~so,a = chem- 
ical free energy; Fch ..... a = ordering excess free energy; 
Fmag.ord magnetic free energy; Fk -- U ~ total free energy. Fk -- U ~ is 
the s u m  of  Fdisord , Fch . . . . .  d and Fmag.ord. FA2 is the s u m  of  Fdlsord and 
fchem.ord. 
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energy does not contribute to the appearance of the 
phase separation itself. However, if Feb . . . . . .  d is taken 
into account, the B2 + D03 coexistent region appears 
in the composition region from 11 to 15 at% Si. There- 
fore it is considered that the appearance of the 
B2 + D 0 3  coexistent region in Fe-Si Co ordering 
alloys is not due to the influence of ferromagnetism, 
but is essentially due to the contribution of the excess 
free energy arising from both B2 and D 0 3  ordering. 
Fig. 7 shows the free energy difference AF between 
( F  k - -  g 0) of Fig. 6 and the common tangent at this 

20 ~ I I I 
A2q. 003 

i 
15 

-~+ . . . . . .  B2-!-  ,---DO~ 
~10 / )  

] I 
/ i 5 

cat% Si 

Figure 7 Difference AF between (Fk U ~ of Fig. 6, and the tan- 
gent at this function which is common to two points, marked by 
arrows. The dashed curve ( . . . .  ) for paramagnetic crystals can be 
compared with the solid curve ( ) for ferromagnetic crystals at 
923 K. Transit ions from A2 to B2 configurations and from B2 to 
D0a configurations are also indicated. 

B2 ~ ~ DO 3 

,? 
o 

1 B2--~ ~--DO 3 -.- 5 at % At 

/I;\ \ / 
/ ~ l i / ~  ~ i \  , 

6 7 8 9 10 
at % Si 

Figure 8 Difference AF between (Fk -- U ~ and the tangent at this 
function which is common to two points, marked by arrows. The 
dashed curve ( - - - - )  for paramagnetic crystals can be compared 
with the solid curve ( ) for ferromagnetic crystals. Transition 
from B2 to D03 configuration is also indicated. T = 873 K. 

B2 

Fe I0 20 
a t% Si 

/ 
250 

Figure 9 The calculated phase diagrams of both paramagnetic 
( . . . .  ) and ferromagnetic ( ) states, respectively, at 873 K, to 
demonstrate the influence of ferromagnetism on phase separation. 

function. The difference corresponds to the driving 
force for phase separation. Both the ferromagnetic 
state (solid curves) and the paramagnetic state (dotted 
curves) are shown in the figure. The ferromagnetism 
not only increases the driving force for phase separ- 
ation, but also expands the two-phase region. The 
same results were obtained in calculation of the 
Fe Si-A1 system. Fig. 8 gives the free energy increase 
from the common tangent of the pseudo-binary sys- 
tem along a tie-line (i.e. 5at% Al). The free energy 
change of the paramagnetic state is also shown by 
a dotted curve. Similar to the case of the Fe-Si-Co 
system, the phase separation is caused by the contri- 
bution of the excess free energy due to both B2 and 
D 0 3  ordering. The ferromagnetism not only increases 
the driving force for phase separation, but also ex- 
pands the two-phase region. 

We show this effect of ferromagnetism on the phase 
diagram. Fig. 9 shows the calculated phase diagram of 
the Fe-Si-A1 system at 873 K. Phase boundaries of the 
two-phase region in the paramagnetic state are shown 
by dotted curves. The two-phase coexistent region 
expands greatly, especially in the D03 phase side, due 
to the influence of the ferromagnetism. 

5. C o n c l u s i o n s  
In this paper, theoretical analysis based on the calcu- 
lation of phase diagrams was performed to clarify the 
necessity for the occurrence of phase separation in 
Fe-base ternary ordering systems. The results ob- 
tained are as follows. 

1. The free-energy model based upon the Bragg 
Williams-Gorsky approximation was applied to both 
the Fe-Si Co and Fe-Si-A1 ordering systems, and 
phase diagrams were calculated. The calculated phase 
diagrams were consistent with experimentally deter- 
mined ones. Therefore the theoretical analysis based 
on the statistical thermodynamic treatment in this 
work is useful, as we can easily predict the phase 
equilibrium of actual ternary ordering systems from 
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only the atomic interaction parameters of three binary 
systems constituting the ternary system. 

2. The phase separation in the ternary ordering 
system is caused by the contribution of excess free 
energies due to ordering. 

3. The ferromagnetism has the great effect on the 
expansion of the two-phase region. 
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